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We investigate analytic solutions to Witten's bosonic string field theory and 
Berkovits' WZW-type superstring field theory. We construct solutions with param- 
^ eters out of simpler ones, using a commutative monoid that includes the family of 

wedge states. Our solutions are generalizations of solutions for marginal deformations 
by nonsingular currents, and can also reproduce Schnabl's tachyon vacuum solution 
in bosonic string field theory. This implies that such known solutions are generated 
from simple solutions which are based on the identity state. We also discuss gauge 
transformations and induced field redefinitions for our solutions in both bosonic and 
super string field theory. 
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1. Introduction 



The study of analytic solutions of string field theories is important in order to understand 
nonperturbative phenomena in string theory. There have been various attempts to solve the 
equations of motion of string field theories. In particular, since Schnabl constructed an 
analytic solution for tachyon condensation^ in Witten's cubic open string field theory, there 
have been a number of new developments in this field. Recently, new analytic solutions 
for marginal deformations using nonsingular currents have been proposed by SchnabP 1 and 
Kiermaier et alP They can be regarded as an application of the technical methods developed 
in Refs. [X|) ,SJ) and [5]). As a generalization of Refs. W) and [3]) to Berkovits' WZW-type open 
superstring field theory, new analytic solutions to the equation of motion have also been 
constructed by Erler 6 ' and OkawaP® 

In this paper, we consider a generalization of \P = v/{0) * (1 + ip * A)^ 1 * if) * v/fO), which 
is the expression of the solution for marginal deformations given in Ref. [2]), in both Witten's 
bosonic string field theory and Berkovits' WZW-type superstring field theory. We construct 
solutions to the equation of motion 

+ & * & = (1-1) 

in bosonic string field theory and*** 

Vo(e-*Q B e*) = (1-2) 

in superstring field theory with parameters from rather simple ones, which we denote by if) 
in bosonic string field theory and in superstring field theory, using a commutative monoid 
{P a }a>o with respect to the star product. A generalization of A in Ref. [5]), which connects 
any element P a to the identity element, i.e. P a =o = I (the identity state), is also necessary in 
our method. A simple and familiar example of a commutative monoid is the family of wedge 
states. In bosonic string field theory, this if) is BRST invariant and nilpotent, i.e. Qb?P = 
and if) * if) = 0. Similarly, satisfies r] Q B (f> = 0, 0*0 = 0, * r] (f) = and * Qb4> = 0. 
Explicit examples of if) and can be readily obtained using the identity state. When we 
construct if) and from (super) currents, the nilpotency (and * r/ o = 0, * Qb4> = 0) 
corresponds to the condition that the (super) currents be nonsingular. If we use another ip, 
we obtain Schnabl's solution for tachyon condensation and its generalization. 

The above facts imply that the recently developed solutions mentioned above are all 
generated from the simple solutions if) and 0, which are based on the identity state. Also note 
that certain analytic solutions using the identity state were studied before Schnabl presented 
*** We often omit the symbol * representing the star product for simplicity. 
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the solution in Ref.[T]). Considering these points, our observation regarding analytic solutions 
in bosonic and super string field theory might be useful for the purpose of reconsidering 
previously derived solutions and developing other new solutions. 

The paper is organized as follows. In §2J we construct two-parameter solutions ip^ 13 *) to 
the equation of motion (11 -ip in bosonic string field theory constructed from ip, and then we 
investigate marginal solutions and tachyon solutions by choosing a particular ip. In §|3l noting 
the solutions in Refs. El) and [7]), we construct four types of solutions, ^u)^ (i — 1)2,3,4), 
to the equation of motion (11-21) in a manner analogous to that used in our method applied 
to bosonic string field theory. We also comment on the reality condition for the string 
field and solutions in path-ordered form developed in Ref. [8j). In we study gauge 
transformations and induced field redefinitions for our solutions in both bosonic and super 
string field theory. In §5], we summarize our results and discuss future directions. 

§2. Solutions in bosonic string field theory 

Let us consider a family of BRST invariant string fields P a (a > 0) with ghost number 
zero, which satisfy 

Q B P a = 0, P a *Pfs = P a+p , P a=0 = L (2-1) 

Here / is the identity string field. Thus, such a family of string fields {P a } a >o forms a 
commutative monoid with respect to the star product. In the following, we formally regard 
/ as the identity element with respect to the star product of string fields. We suppose that 
there exists a string field A™ for the above family satisfying 

Q B A^ =I-P 1 . (2-2) 

If we have a BRST invariant and nilpotent string field ip, i.e. 

Q B ^ = 0, iP*iP = 0, (2-3) 

with ghost number 1, then 

= p , # 1 + p / 24 N 

represents a solution to the equation of motion (ll-ip . Using the above assumption and the 
derivation property of the BRST operator Qb, this can be proven as follows: 



= Pa * Qb (~ ; l — -r ) * ^ * Pp 

V 1 + ip * A( a+ P) J 
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= -P a * ^ * (Q B (I + ?/> * A (Q+/3) )) * ^ * ll> * Pg 

= P a * ^- * ?/> * (Q B ^ {Q+/3) ) * ^ * i * Pb 

= Pa* * lb * (I — P (y+ g] * tt-^ * lb * Pg 

1 7 7 1 
= P a * - * ib * ib * * Pg 

1 + $ * A( a +V 1 + A^+f 3 ) * ib 

1 1a 
— P„ * * * W * Pg * P a * - *lb * Pg 

l + ib*A(<*+® 1 P 

= * . (2-5) 

The assumption concerning ?/> given in (I2-3P implies that ip itself satisfies the equation of 
motion Qb^ + ib * ib = trivially. Therefore, we can also interpret (!2-4p as representing a 
transformation from a rather trivial solution ip to another solution. If we replace ip with \ip 
(where A is a parameter), the condition (I2 3[) is also satisfied. In this sense, the new solution 
(12-41) obtained from a BRST and nilpotent string field can naturally have a one-parameter 
dependence |l] 

The most familiar example of commutative monoids (12-lj) is given by the wedge states, 
P* = Ut +1 U a+1 \0) = e-^° + 4)| ) = e -5«*fj, (2-6) 
and correspondingly, we can take 

A™ = r da-B[P a , (2-7) 
Jo * 

where we have used the notation of Ref. [1]): 

00 2(—l) k+1 °° 2(—l) k+1 

s » = & o+Ei^rr^ ^ = & o + Eip3r^, (2-8) 

k=l k=l 

B[ = kb 1 + b_ 1 ) + -(B + Bl), (2-9) 

l 7T 

Co = {Q B , Bo}, 4 = {Q B , iff = {Q B , B[ }. (2-10) 

In Ref. EJ, A( 7=1 ) = A plays an important role in the study of the vanishing cohomology 
around Schnabl's vacuum solution. If ib satisfies the reality condition bpz _1 o hc(^) = ip, 
where bpz and he denote BPZ and Hermitian conjugation, respectively, our solution (12 -4p 



' Here, we should note that we can construct a solution to the equation of motion using the formula 
(!2-4p from a solution ip that satisfies QbiP + ip * ip — instead of (|2-3|1 . This fact was pointed out by S. Zeze. 
The proof is almost the same as that above. However, in that case, we cannot replace ip with \ip, in general. 
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with a = (3 G M also does, because bpz _1 o hc(AW) = A (t) for 7 G E. We could also 
consider other families satisfying (12-11) and (12-21) using appropriate conformal frames studied 
in Refs. SD and [9]). 

As an example of f)2-3p . let us consider 

tp = X s 1p s + Xm'ipra , (2- 11) 

4 = Q B A Q , i = tfJlTtflfdlO) , (2-12) 
^ = ^^07(0)10), (2-13) 

where J(z) is a matter primary field of dimension 1 such that J(y)J(z) is not singular for 
y — > z. In the case J = ( a J a , with coefficients ( a , where J a satisfies the OPE 

ab i 

J a (y) J\z) ~ r *— + if a \J c {z) + ■■■ (2-14) 

(y - z) 1 y- z 

(with f ab c being the structure constant of the associated Lie algebra), the nonsingular con- 
dition for J is ( a (bg ab = 0. The quantities A s and A m in (12-llj) are parameters. 

In fact, the BRST invariance of ^ s and ip m follows trivially. The nilpotency of ip m follows 
fronO 



^ m = t/Jt/icJ(0)|0) * £/' 1 t £/'icJ(0)|0) = UlUiC J (0)c J (0)\0) , (2-16) 



where c(z) and J(z) are fields on the semi-infinite cylinder CV (the sliver frame) obtained 
with the conformal map z = arctanz from the conventional upper half plane, and we have 
cJ(0)cJ(0) = 0, which results from the nonsingular condition of the current J. Noting the 
relation 

Q B A * A = K^A * A - UtU^cBc^lO) * A 

= (K^B^UlU lCl \0)) * Z7jl7ici|0> - {B^B^U\ £7!c9c(0)|0)) * U\U lCl \Q) 

= K^(B 1 UlU 1 c 1 \0) * UtU lCl \0)) - K^B^UlU^m * U{U x c$)\tij) 

+ 5^(^^95(0)10)) * £/Mc(0)|0» 
= K^ulU lCl \0) - B}utUicdc(0)\0) = Q B A , (2-17) 



In the following computations, we often use the following star product formula in the sliver frame: 

UlUrfafa) ■■4n(Xn)\0)* UlU.fatik) ■■■$m(y m )\0) (2-15) 

= Ut +s _ 1 U r+s - 1 fa(x 1 + ^(s-l))--4 n (x n +~(s-l))$^^ 
This formula is given in Ref . [1]) . 
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with the derivation property of Qb and nilpotency, we have Qb^o * Qb^o = 0. Similarly, we 
find 

* 4 = "Qb(VV * A ) = -g B (^m * (|/) " B* U}U lCl \0))) 

= -Q B B?(i> m * Z7}?7ic(0)|0)) = -Q B sM^icJ(0)c(0)|0) = , (2-18) 
4 * <L = Qb (A) * 4j = g B Sf (E/Jt/ic(0)i0) * ^ m ) 

= g B 5i L f/i t f/ic(0)cJ(0)|0) = . (2-19) 

Therefore, we conclude that ip is BRST invariant and nilpotent for any values of A s and A m . 
We note that ip m and ip s are "identity-based" solutions in the sense that U\U\ = e5( £o+£ o) 
yields the identity state: I = U\Ui\0). 

Although there exist other solutions to f!2-3p . such as ijj = QlI^ we explicitly examine 
the solutions appearing in (12-41) generated from t/> given by (12-1 II) in the cases A s = 

and A m = 0. In the following, we take the family of wedge states as {P a }a>o for simplicity. 

2.1. Solution for marginal deformation 

First, we consider the case A s = in (12- lip . The solution f)2-4p is expanded as 

oo oo 
= J^i-lfX^Pa * (i>m * * ^ m * Pp = ^ A> m , n , (2-20) 



where 



"0m,fc+l 



u 



k=0 



a+/3+l 



n=l 



(2-21) 



k r a +p 



dr\ 



dr k U ] 



u 



+/?+i+Etin 



x 



K s m K 

•n=0 ^ 1=1 l=m+l 



(2-22) 



+ 1 Ml(e-°+±«))+*(Z(i> 



i=i 



a 



i=i 



|0>. 



The quantities ip m ,k are characterized as follows: 



(2-23) 
(2-24) 
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where 

B<*® = l( a + /3- l)B + Bo + ~(a - (3)B X , (2-25) 

B = B + Bl, B 1 = b 1 + b- 1 , (2-26) 

= {Q B , B^} = ^(a + (3-l)£ + £ + ^(a- (3)Ki , (2-27) 

t = L + 4 , K x = Lx + L_ x . (2-28) 
Here we have used the identities 

e fcC(-.« _ e |(e*-l)(a+/3-l)£ e tC g f (a-j9)(l-e-*)#Ti ? ( 2 -29) 

|^ = ^) j[ dTe"^, (2-30) 

(2-31) 

B^U% = U% \ ±(a + (3 + l-j)B + Bo + j(a- (3)B^j , (2-32) 

{S ,5(5)} = 5, {S 1 ,c(z)} = l, (2-33) 

U P 4>(z)U^ = (2//3) h *4>((2//3)z) , e aKl 4>(S)e~ aKl = 4>{z + a) (2-34) 

to check the above relations. We thus fin d th at the solution $ r ( a ' /3 ) given in (12-201) satisfies 
the "generalized Schnabl gauge" condition 



ttt 



and at each order with respect to the parameter A m , we have 

k 

QbVw = > Qb^hi = - X] ^ m -' * ^Vfc-i+i ' (2-36) 

from (I2-23P and (12-241) . as noted in Ref. [T2l) . Then, using the formula 

P Q _i * V * Pp-i = e (l3 -^ K ^ a -^ K ^ = e iOJ-«)^ e -i(«+/»-i)^ j ( 2 .37) 
from Ref. [1]), and the relations 

= (1 - 2t)%(l - 2ty Co , D = C - C\ , (2-38) 

(--) / dn--- dr k P a _ h *H(cJ(0)\0)*Bf\r m ))*cJ(0)\0)*P p 
Jo Jo m=1 



0-i> 



(2-39) 



ttt l n the case a = (3 — > oo , this gauge condition becomes "the modified Schnabl gauge" used in Ref. lTTj) . 



the solution fy( a ^ can be rewritten as 

= e f^-«)^( a + / g)T^(V2,i/2) j (240) 

for a + > 0, where both i^i = Lx + -^-1 an d D = C — are derivations with respect 
to the star product and are BPZ odd. The solution ip^Ai^) 

appearing here is investigated 

in Refs. |2]) and [3]). The relation (I240p itself seems to be singular in the limit a + f3 — > 0, 
although i^ 0,0 ) = A m L r Jf/icJ(0)|0) = -0 1 As=0 is a BRST invariant and nilpotent solution. We 
note the identity 

B{a ,p) eW -a)K^ a + p) § = e W-«)Xi( a + l3)%B , (241) 

which is consistent with ( 12-35]) . 

Let us consider the overlapping of <^(0)ciCo|0) and the solution ]p( a >P\ where is a matter 
primary field of dimension h^. Then, using 



|C_iC 

1 



1 - I, , 
Bc(x + )c(x-) + ~(c(x+) + c(x-)) 

7T 2 



10) 



cos 2 x + 



1 + -(2x- + sin(2a;_)) 

7T 



+ - cos 2 x. 



1 - -(2x+ + sin(2x+)) 

7T 



(242) 



in the ghost sector with the normalization (0|c_iCqCi|0) = 1, we have 



|c_ic /o £(0)|V>m,k+l) 



7T 



k pt+i 3 



dri 



a+/3 



dr k 



1 2 ?r(^ - a + J2i=i r i) 
- cos 



a + /3 + l+J2ti r i. 
2/3 + 1 



1 



sin 



tt(2/3 + 1) 



2 2(a + /3 + l + X)J = in)\a + /3 + l + E!L 1 n ^ a + P + 1 + EiV* 

2a + 1 



+icos 2 ^-"-^n 



2 2(a + /3 + l + £jLin) \a + /3 + l + £?=i r * 



1 vr(2a + l) 

-sin 

7T 



a + /3 + 1 + £f =1 r. 



X 



m=0 



l=m+l 



n, 



(243) 



2(a + /3 + l + £r =1 n) 

Here 7 is the inversion map, which becomes I(z) = z ± 7r/2 on the sliver frame CV, and the 
last factor is the matter correlator, which is evaluated as 



i ° ^(o) n 



I o <^(0) Y\ (cosx m ) 2 J(tan 



m=0 



m=0 



UHP 



2(a + /5 + l + Ef =1 n) 



(244) 
(245) 
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In the following, we perform explicit calculations for some coefficients of the solutions, which 
have (a, (3) or gauge dependence. 



[Rolling tachyon] Firstly, we consider the case J =: e x ° :, which is dimension one primary 
and non-singular because of the OPE: 

. e nX»(x).. e mX»(y).^ ^ _ y] 2nm, . e (n+m)X° (y) . _ (246) 

Then, the matter correlator (12441) for <p =:e -( fc + 1 ) x ° : i s evaluated as 
(Io : e -(fc+i)* (o).. e x°(x ) : . e ^°(ii). .... e ^°fe).^ 

k k 

= Y\ ( cos S m ) -2 ]{ | tan5j — tanxj| 2 = (cosx m )~ 2( - fc+1 ^ J~J sin 2 (xj — Xj). 

m=0 0<i<j<k m=0 0<i<j<k 

(247) 

Using this formula and = (A; + l) 2 for if —:e~^ k+1 ^ x °:, we compute (12-43j) for certain values 
of k as follows. In the case k = 0, we have 

(0|c„ lC o/o:e-*»: IVwV^e = 1 (248) 

for all a, (3. For k = 1 and a = (3, we have 

(0|c_ lCo /o:e- 2 *>): \^ >2 )/V 26 

= z n I* ( 2 V sin 2 ggg / 2a + 1 1 ^+1) 
2 J \2a + l + x) sin 6 _go±iL \2a + l + x n 2a + 1 + x 

64cot 3 ^±S 

2{4a+1) (249) 



3(4a + l) 3 ' 

which is equal to — 2 ^y^ for a = as expected. For k = 2, a = j3, we have 

^r dx rJ ? V7sm- ,r(2a+i+22:) 

1 ux ay 1 bm < 



4 7 io V( 2 « + 1 + * + y) sin 2$£ZX,) J V 2 ( 2a + 1 + a; + ^ 

/ 2a + 1 1 . ?r(2a+l) \ 

x sin i '- — 2-50 

\2a + l + x + y Tt2a + l + x + yJ 

n(2a + 1) ttx Try 
x I sin sin sin 



2a + l + x + y 2a + l + x + y 2a + 1 + x + y 
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which is numerically evaluated as 0.00214766 in the case a = l/2. iS For k > 1, (E33D can 
be rewritten as 



(0|c_ lC o/o:e-( fc+1 ^ ( ): \^ m>k+1 )/V 26 



71 



{a + (3) 



-k 2 -2k 







/ dxi ■ ■ 




Jo 





k 2 +3k 



1 7i(^±± 
- sin 



2 2(i + ^ + Et 1 ^)Vi + ^ + Et 1 ^ 



2/3+1 
a+/3 



1 7l(^±± 

, 1 • 2 " v a+/3 

H Sill 

2 



+ 2£f=i*i) 



2a+l 



1 

■— sin 

7T 



71 



2/3+1 
a+/3 



a+/3 



1 

t, sin 

2(i + ^ + Ef=i^)Vi + ^ + Eti^ * 



a+/3 



n 

m=0 



sin 



-2(fc+l) v Q+/3 



«+ 2 Er=i^) 



2(l + ^ + Eti^) 



which behaves as (a + /3) fe2 2k , up to constant factor, in the case a + (3 — > oo. 



i + ^ + ELi^ 

n sin2 — ! j^ ±j ^ — ' 

o<i<j<fc 2(1 + + z2i=x x i) 



(2-51) 



[Light-cone deformation] In the case J = idX + and ip = — \dX OX , with the OPE 
dX~ (y)dX + (z) ~ (y — z)~ 2 , the matter contribution f !2-44j) for A; = 1 is 



(J o ip(0)idX + (x )idX + (xi))/V2Q = (cos^o cosxi) 2 . 
Therefore, f !2-43j) is computed as 



(0|c_ lCo / 0^(0)1^,2)/^ 

"«+/3 / 2 



-71 



— / dx 



x 



a + (3 + 1 + x / 
I / 2/5 + 1 



1 . 7i(2/3+l) 
— sin 



2 sin 2 /( 2/m ) V « + + 1 + x *r a + /? + 1 + x 



2a + 1 



1 . 7r(2a + l) 
sin ■ 



2 sin 2 9 "i 2 "^ 1 ] , \a + (3 + l + x tt a + /3 + 1 + x 

2(a+/3+l+x) 



4 cot 



7r(2«+l) 
2(4a+l) 



(for a = (3) 



(2-52) 



(2-53) 



4a + 1 

and this gives -4/(3^) for a = (3 = 1/2, as in Ref . [3]) . 

2.2. Tachyon solution 

Next, we consider the case A m = in (12-111) . In this case, the solution is expanded as 



(2-54) 



fc=0 



n=l 
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Then, noting (12 171) and 

A Q * Ao = -(B*Ao) * U\U x c x \Q) = (flf B x U{U x c x \Q)) * U\U x c x \Q) 
= B 1 L \I)*UlU 1 c 1 \0) = A , 

"a+{5 _ r a+f3 



/° +P IT - r a+P TV 

d 1 -S 1 i P 7 *i, s = J d 1 -{-B*P 1 ) * Q B A 

d 1 -P 1 *B^Q B A Q = J d 1 -P,*K 1 L A 



a+P 7r 

d 1 - K* P 7 * Aq = A - P p * P a * Ao 



the C>(A™) term of ^ (a,/3) can be rewritten as 

1p S ,n =Pa* (QbAq) *Pf3* (P a * A * Pp - I) 



n-l 



n-l 



y (-!)-'-(»- 1)1 fe 



0)| 



«=0 



«(n-l-0! m ' 1 U= ° ' 



Yt,n - ~ U n(a+f3)+t+ a +f3+l U n(a+f3)+t+a+/3+l 



71 



-Bc[ -a + t + n(a + /3)))c( ~(/9 - a - t - n(a + /?)) 



7T 

+^|c^(/5 - a + t + n(a + /3)) > ) + c( ^(/3 - a - t - n(a + /?)) 
where use has been made of the relations 

(P a * A * Ptf = Ul {a+p)+1 U n{a+p)+1 B^fj(2p - n(a + |0), 

(n = l,2,...), 

P Q * g B io * Pf, * (Pa * A * P p ) n = -d t 4^f\ =0 , (n = 0, 1, 2, • • •)■ 
Therefore, (I2-54P can be re-summed as 

^. w = _ ei:a? (-; i;-')' ^ 

n=l Z=0 ' V 7 ' 

OO OO / 1 \ n _i_// -.N, oo 

- " 2^ 2^ A « _ni |t=o - - 2^ A 5 otV't.i l*=o 

1=0 n=l+l ' V 7 ' 1=0 



where the expansion parameter A s is redefined a; 

A. 



As = 



A s + 1 



* This fact is mentioned in Ref . [6]) . 
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The last expression of the solution^ can be formally summed as 

= Q B (X s P a * Ao * P p ) * 1 - 

1 - A S P Q * /1 * 

which is the pure gauge form found in Ref. [13]). Then, using 



(2-63) 



where ip n is given in Ref. [T]) as 



i>n — —^U n+2 U n+ 2 



7T 



, , , itn \ _ ( irn \ 7r / / Tin \ _ ( nn \ 



(2-64) 



|0), (2-65) 



we obtain (12-40)) . Because ip't 1 / 2 ' 1 / 2 ) coincides with the solution constructed in Ref. [T]) in 
this case [i.e., A m = for if) ( 12-1 ip ] . ]p( a >P) satisfies the generalized Schnabl gauge condition 
Q\a,P)^{a,p) — q anc i should reproduce the D25-brane tension for As = 1 (<->• A s = oo), 



S[^))/Vr 



26 



(|A 5 |<1) ' 



as evaluated in Refs. [TJ) ,[13l) and [16]), if we regularize it as 



/ 1 N 

\ n=0 



(«,/») I 
t,n U=0 



(2-66) 
(2-67) 



(2-68) 



The first term can be added because ^{"(fjv ~ ^((( a + /3)^0 -3 ) for ^ oo in the sense of 
the L -level truncation. With the above regularization, we find that the new BRST operator 
Q' B around ^ a '^\\ s =i satisfies 



Q' B A^ = Q B A^ + ^ a '% s=1 * A^ + A^ * fi* a '«| As=1 = / , 



(2-69) 



which implies a vanishing cohomology for Q' B , at least formally in the sense of Ref. [5]) . 
For each contribution to \p^ a '^ of a given power of As, we have the relation 



t3(a,B) n ~ l 



£(«,/3) 



m=0 



(2-70) 



" Such a solution for tachyon condensation is also examined in Refs. [9]).[T4]) and [15]). 
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Then, from (12-571) . this implies 



^ Sifc+ l = ~~FT^~ff\ 2^ V>M * V's.k-Z+l (k > 1) (2-71) 



for each contribution to W^ a, ^> of a given power of A s , which has the same form as (l2-24p . 
The extra BRST exact term, — d t ipi^ Q \ t= Q = ip s ,i — Qb(Po * * Pp), in (12-701) induces 
the reparametrization of the parameter (12-621) when one solves the equation of motion (ll-ip 
perturbatively. This is a simple example of the ambiguities discussed in Ref. [1 



§3. Solutions in superstring field theory 

In the case of superstrings, we wish to solve the equation of motion (1 1 • 2 j) in the large 
Hilbert space in the RNS formalism. In particular, we use the (0, £, ry)-system instead of 
(/3, 7) for the superghost sector.^ As in the bosonic case, we use a QB-hivariant and 1] - 
invariant commutative monoid {P a }a>o, which has ghost number zero and picture number 
zero, 

Qb^ = 0, VoP a = 0, P a *Pp = P a+p , P a=0 = I, (3-1) 
and a counterpart to given by 

Vo QbA^ = I - P 7 . (3-2) 

Using these P a and and a string field with ghost number zero and picture number 
zero satisfying 

?7oQb0 = 0, 0*0 = 0, 0*77o0 = O, 0* Q B = , (3-3) 
we can construct four types of solutions to the equation of motion: 



= log(l + P a * * Pp), /(!) = ~- * 0, (3-4) 

1 - 77 O * Q B A( a+ p> 
1 



^ = log(l+P (1 */ (2) *P,). /,,, = O * ; ^ /t . . (3-0) 

1 



1 - ^i^) * Q B < 



1 



1 - Qb0 * Vo^ {a+P) 



<^-Ml-P..fe.P f ), /M= j, _ (37) 

In fact, from the derivation property of Qb and 770, we obtain 

e -*w g Be *w = P Q *- if^ *^*^, (3-8) 

1 -r/o(0*Q B -4 (a+/3) ) 
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e"*« Qb£ {2) = P Q *Q B 0*- Tjr— - x *Pp, (3-9) 

e-*<«> Q B e^) = P a *- ^ Q^P^, 3-10 

e W Q B e *W = P q *<3b0* ; * Pa • (3-11) 

1 + ifc(QBi4<«+0 * 0) 

These relations imply that the quantities satisfy the following equation of motion: 

%(e" # w Q B e # w J=0. (2 = 1,2,3,4) (3-12) 

Noting that the gauge transformation is given by i— > [/ * * V with Q B £7 = and 
77 V^ = 0, the solutions given in (l3-5p - (l3-6p and (l3-4p - (l3-7l) are gauge equivalent because they 
are related as 

e ( 2 ) = t7 2 3 * e ( 3 ) , e « = e ( 4 > * l/ 4 \ , (3-13) 
where the gauge parameters are explicitly obtained as 



rr(a0) <£ K/3) -0 {a ' B) 



J + P a * 



1 1 



1 - rj A( a +® * Q B cf) 1 - Q B * Vo^ a+ ^ 



— * * P a +B * * I * P/3 

i-7/oA(«+«*g B i-g B 0*^ (a+/3) / 
/ - g B ( p a * * ^— - 2 * m^ a+(5) *hPp), (3-14) 

V 1 - n A^+P) * Q B / 



M; = e We 



/ + P a * ( -0 * J 1 — ; + ' 



i - g B ^ (a+/3) * Vo<P i - Vo<t> * QbA^+P) 

1 _ 1 



— * 



* P a+f ] * 1 * * A (a+I3) * ] *P/3 



1 - Q B A^) * 

I + r/ f P a * * - - x^— j * g B i (Q+/3) * * P/jY (3-15) 

V 1 - QbA^+V * ri d) J 



1 - Q B A( a +® * 

Note that (i = 1, 2, 3, 4) all reduce to for a = (3 = 0, and given in (13-31) is also a 

solution to the equation of motion (11-21) . 

As an example of P a , we consider the family of wedge states (I2-6P by replacing the total 
Virasoro generators with those of superstrings. Corresponding to this, we can construct A^ 
(ET21) as 

A^ = j\a\og[^j (^-J--t + a^ L B^P a , (3-16) 
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which satisfies 

n . . . _ n 



no 



i (7) = -^ / daBfP a , Q B A™ = ~ / daG^ L P a , (3-17) 
* Jo * Jo 

and r/ Q B i (7) = I - P 7 (Q. Here, Jf" L and G x are defined in the same way as By , from 
J (2) = and G~(z) = [Qb, «/ (2)]. They are primary fields of dimension 2 and are 
generators of the twisted N = A superconformal algebra.^ 1 In terms of the mode expansion, 
as in (12 -8p . we have 

/dw 2f— 
— (1 + «; 2 )(arctan W ) J~(tw) = + ^ '_ , (3-18) 

717 k=l 
00 2f— l N ) /c+1 

bpz( t 7 -) = ^+EluTT J ^ > ^"" = ^~+bpzU— ), (3-19) 
fe=i 

•T £ = / ^(1 + *V~ = + JTi") + -i" , (3-20) 

7^ 27TZ 2 7T 

00 2(— l") fc+1 ~ 

ft" = [Qb, Jo"] = G + \ k 2 ~ I G 2k , (3-21) 

k=i 

bpz(g -) = G - + L 1 ! GZ 2k , Q- = Go+hMQo), (3-22) 
fe=i 

Gr L = [Qb, </r L ] = ^(Gr + g =1 ) + 1§- , (3-23) 

and they satisfy the following (anti-)commutation relations obtained from their OPEs: 

[770, Jr L ) = {vo, G^ L } = -K{ , {Q B , Gr L } = , (3-24) 

[J-- L ,G^ L } = 0, [K 1 L ,G^ L }=0, [K^,Jr L }=0, {B^G^ L } = 0. (3-25) 

We can derive a solution to ( 13-31) of the form 

= C«tfMc£TV(O)|O>, (3-26) 

for example. Here, ?/> a represents the fermionic component of dimension 1/2 of a supercurrent 
J a (z, 9) = ip a (z) + 8J a (z) in the matter sector, and we assume that the OPEs are given by 

r{y)^\z)^{y-z)- l n ah , (3-27) 
J a {y)i)\z) ~ (y - zrHf^iz) , (3-28) 
J a (y) J\z) ~ (y - zy 2 Q ab + (y- z)-Hf ab c J c (z) , (3-29) 

where f ab c is the structure constant of the associated Lie algebra. The quantities ( a are 
Grassmann even constants and satisfy 

CaC^ = 0, (3-30) 
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which implies that ( a J a (z,6) is non-singular. More concretely, we can take J M (,z,#) = 
ij)^{z) + 9idX^(z) on a flat background, where is directed in a light-cone direction, so 
that Cf.CuV^ = holds. 

The string field A^ 1 ' given in (13-161) appears naturally when we attempt to solve the 
equation of motion perturbatively. More precisely, by substituting <P = J2 n >i ^ n &n into the 
equation of motion rjo{e~^Q-Be P ) = 0, the first equation for 0(A X ) is tjoQe^i = 0, and the 
second one for 0{\ 2 ) is ^o<5b^2 = |(^o^i*Qb$i+Qb$i*?7o^i)- In the case <£>i = Pi/2*<P*P\/2 
with ( 13-261) . the second-order term is computed as 

1 Q 13 

= -\ p i/2 * (Vo4> * A {1) * Qb4> + Qb0 * * Vo4>) * P1/2 - (3-31) 

In the first line, we have used the relation ^-f^ = Go J °° dTie~ TlCo B J^° dT 2 e~ T2C °, which 
is analogous to 7^-7^ in Ref. [T2|) . and explicitly carried out the computation in the sliver 
frame. The result is identical to the last expression in (I3-31[) . The above second-order term, 
<p2, is equivalent to the 0((p 2 ) terms of (13-41) (I3-7H with a — (3 — 1/2, up to r/o-exact or 
Q B -exact terms. 

We next comment on the reality condition for the string field <£>. In order to ensure the 
Berkovits' WZW-type superstring field action in the NS sector, 

Sns[*] = -~2 r*«(%*)(e-*gBe w )», (3-32) 
9 Jo 

to be real, we should impose the reality condition on the string field <P. It is given by 
bpz _1 o hc(^) = —(P. Note that even if bpz _1 o hc(0) = — 0, the relation bpz _1 o hc($% ) = 
— for fl3-4p - fl3-7l) is not satisfied in general. However, we can construct two solutions, 
^(23^ anc ^ ^(4i"' > ' wn ich satisfy the reality condition: 

e *U) = y/u£°0 * e* (3) , e *U = e *W * y/v^ a) , (3-33) 

with the gauge parameters (I3-I4p and (13-151) . (See also Ref.[Bj),v2.) The square root is defined 
by an infinite series with respect to the star product. Here we employ the conventions 

bpz _1 o hc(0) = -(p , bpz _1 o hc($i * <E> 2 ) = bpz _1 o hc($ 2 ) * bpz _1 o hc(^i) , 
bpz _1 ohc(77o^) = (-l) |0| 77 O bpz -1 ohc(^), 
bpz~ 1 ohc(Q B ^) = -(-l) |0| Q B bpz- 1 ohc(^), 

bpz^o hc(ri Q A {a+l3) ) = r] Q A (a+l3) , bpz^o hc(Q B i (a+/3) ) = -Q B i (a+/3) , (3-34) 
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and note the relations bpz _1 o hc(/(2)) = — /(3) an d bpz _1 o hc(/(i)) = — /(4). 

Alternatively, using the method in Ref. [8]), we have a solution <&\ of the path-ordered 
form: 

"A r X pX r X 1 



e > = Pexp / dX'G(X') = I + / dX'G(X') + / dxJ dX 2 G(X 2 ) * G(X 1 ) + 
Jo Jo Jo Jo 



(3-35) 



G(A) = P a * s s * * s * * Pa . (3-36) 

1 - XQ B <P * TfoAfc+fl 1 - Xr] A( a +® * Q B <P 

In fact, G(X) is a solution of the relation 

Q B G(X) + [V x ,G(X)) = -^#x, (3-37) 

with 

1 - XQ B <p * r] A( a+ V 

where the above \P\ satisfies 

Qb^a + ^a*<£a = 0, Vo$x = 0. (3-39) 

In addition, the above e #A (13-351) satisfies 

QbG(X) + [(e-^Q B e^),G(X)} = ±( e -**Q B e**), {e~^Q B e^)\ x=Q = 0. (3-40) 

Comparing them to ( 13-371) . we conclude the relation $A = e~' Px Q B e' Px . Therefore, the second 
equation in ( 13-391) implies that <P\ is a solution to the equation of motion ( 11-21) . Because we 
have bpz _1 o hc(G(A)) = —G(X) for real A and a = 0, this <P\ with a = (3 satisfies the reality 
condition, as in Ref. [8]). 

We can similarly obtain another solution <P\ of path-ordered form: 

e-** = Pexp/ dX'G(X'), (3-41) 



G(X) = -P a * s s * 6 * s * * P« . (3-42) 

1 - Ar]o0 * g B ^4 (a+/3) 1 - XQ B A^) * ry o 



In this case, G(X) is a solution of 



7toG(A) + [!^,G(A)] = ^#A, (3-43) 

^ = _P ° * i x i \ A la+ 8) * ^ * I 3 " 44 ) 

1 - Xr] (f) * Q B A( a+ P) 
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where \P\ satisfies 

Vo ^ x + § x * V x = , Qb^a = . (345) 
In addition, the above e~' Px (I34ip satisfies 

r, G(X) + [(eSoe-H 6(A)] = ^ x Voe^) , (e%,e-**)l*=o = 0. (346) 

Comparing them to (I343p . we conclude the relation \P\ = e tpx i] e^' Px . Therefore, the second 
equation in fl3-45[) implies that <P\ is a solution to the equation of motion, owing to the 
relation 

J7o(e-**Q B e**) = e^Q^m^))^ = 0- (347) 

Because we have bpz _1 ohc((5(A)) = — (5(A) for real A and a = (3, this $a with a = (3 satisfies 
the reality condition. 

§4. Gauge transformations and field redefinitions 

4.1. Finite gauge transformations 

Let us consider gauge transformations among the obtained solutions in bosonic and super 
string field theory. We find that g^"^) given in (j2-4j) and given in (I34p — (j3-7|) can be 

rewritten as particular finite gauge transformations from simple solutions iJj and cf>, respec- 
tively, in bosonic and super string field theory if we formally use P' 1 or, equivalently, we 
formally extend a commutative monoid {P a } a >o to an Abelian group with respect to the star 
product. In the case of a bosonic string, we have 

= V- 1 * i * V + V" 1 * Q B V , (44) 

V = (I + ^*A^)*p-\ V-* = P a *- 1 - — . (4-2) 

1 + ip * A^+P) 

Similarly, for a superstring, we obtain 

/(^ = P a * - 1 * S> * (I + 77o(Q B * i (a+/3) )) * P" 1 , (4-3) 

1 -Q B (0*^ (a+/3) ) 

e'Sf = * (/ _ g B (i(^) + ^ # e + 1 , p (4 . 4) 

1 + r/ (Q B ^ (a+/3) *0) 

and ^fe'^ for i = 1,2 are related by (J343]). More precisely, if {P a } a >o can be extended to an 
Abelian group, all the solutions $ r(a ' /3 ) are gauge equivalent in bosonic string field theory, and 
all the solutions ^f\i = 1,2,3,4) are gauge equivalent in superstring field theory. In the 
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case that {P a } a >o is the family of wedge states, we can formally rewrite P a as exp(— ^aK^ I) 
by using (K^<&\) * <P 2 = K^($i * $2) and the identity property. Therefore, we can regard 
{P a }am with P^ 1 = P_ a as an Abelian group. However, P^ 1 = P_ a (a > 0) might not be 
valid as a wedge state, due to its "negative angle." In any case, it seems that our solutions 
an d are almost gauge equivalent to and with {a, (3) ^ (a', ft), 

respectively, in this sense. 

Alternatively, we can obtain finite gauge parameter string fields of path-ordered forms 
in the case that {P a } a >o is the family of wedge states, using the expressions given in f!2-6p . 
(J27D and (J3TZD. 

In the case of bosonic string field theory, as in Ref. [20]), we find 

Q B G^\t) + [y {ta ^\G {a > p) {t)} = j t & {ta ' m , & {tam \t=o = V s , (4-5) 
G^\t) = -^(aB^ - f3B*)^ ta W (4-6) 



-7T 



= — a(B^P ta ) * *1>*Pte 

2 V 1 + ip * A( ta+t ^ 

+ (3P ta * — * $ * B?P t0 

This implies the relation 

with 

V^ = Pexpf dtG^\t) , (4-8) 



where the path-order P is defined as in f)3-35p . so that it satisfies ^Pe-^o duG ( u ) — 
(Pe^o duG ^)G(t). Therefore, all the solutions tyt 01 '^ are gauge equivalent to the simplest 
one, ip. 

In the case of superstring field theory, rewriting (I3 6|) as 

e *%f ] =I + Pa * _i _ *4>*P (3 , (4-9) 



-ne (3) is computed as 



_e*(3) = e cs) - 1 ) - a-iff e < 3 > - / 

at 2 V / 2 V 
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1 



*4>* P t p 



i - Qb(<P * mA^+tV) 

+-(a + f3)(Q B B?(e^ -jjj*( e *cs) -/ 

(t) * e*W + e*^* * (t) , (4- 10) 



where 



G (»J» (t) = + |( a + /?)Q B B*(e*» /) (4-11) 



G^\t) = \ aK \l 4- I(a 4- flB«(«-*"«W*^ (4-12) 



= -aK?I - -(a + (3)P ta * 5 — s * Q B </> * Bf-Pt/s . 

The above G±*'^(t) and Gg "^(t) satisfy 

Q B G^\t) = 0, Vo G^\t) = 0, (4-13) 

which are conditions for gauge parameters in superstring field theory. Therefore, we find a 
finite gauge transformation using the path-ordered form: 

e *(3) = * * W 2 , Qb^i = 0, r/ iy 2 = , (4-14) 

W^P'exp [ dtG^' P) (t), W 2 = Pexp [ dtG^' P) (t). (4-15) 
Jo Jo 

Here, P' is the path order opposite to P. Thus, we have ±V'e^ duG{ - u) = G(t)(P'e/o d « G («)), 
or, explicitly, 

p , e tiduG(u) =1+ dX'G(X') + / dXj dX 2 G(X 1 ) * G(X 2 ) + ■■■ ■ (4-16) 
Jo Jo Jo 

Similarly, from the expression of gi ven i n fl3-4j) . we obtain 



and this yields 



e~ # w = I-P a * s s *<P*Pb, (4-17) 



A e-*lT P) = -G^\t) * e-<"' - e-*^ * G J^(t) , (4-18) 
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where 



G^{t) = \aK{l + |(a + (3)^* - / ) ( H 9) 



2 2 1 -^ o (0*g B A( to+ ^)] 

C#*»(t) - -|afffl + |(a + ^K;,-(,"' " ^ "•<•') (4-20) 



-ai^I + -(« + /3)P ta * — y- — * W * G^Pt, 



2 2 V l + Q B M>*^ (to+i/3) ) 

These quantities G^\t) and G^'^it) satisfy the relations 

Vo G^\t) = 0, g B Gi Q ' /3) (t) = 0. (4-21) 
Then, we obtain a finite gauge transformation from 



e w w =W 3 *e**W 4 , Q B W 3 = 0, Vo W 4 = , (4-22) 

W 3 = P' exp dtGi Q,/3) (t) , W 4 = P exp dtG^ ,/3) (t) . (4-23) 
Jo Jo 

The solutions <pj^ in ^ and (pgj^ in dSZTJ) are also gauge equivalent to 0, by (I4-I4p . 
(14-221) and (13-131) . Therefore, our solutions appearing in (13-41) (13-71) are all gauge 

equivalent to the simplest one, 0, in superstring field theory with the gauge parameters in 
the path-ordered forms ( 14-15P and ( 14-231) . 

Although our solutions \[r( a >P) and are all gauge equivalent to each other in bosonic 

and super string field theory, respectively, in the above sense, we note that the gauge pa- 
rameter string fields might become singular. For example, as observed in Ref . fT3|) . Schnabl's 
solution for tachyon condensation^ can be regarded as a limit of a pure gauge form. A 
similar situation is found in Ref. I2T1) . Therefore, we must study the "regularity" of gauge 
parameter string fields more carefully in order to conclude gauge equivalence. 

4.2. Pure gauge forms and induced field redefinitions 
If ip and <j) can be rewritten in pure gauge forms, i.e. 

i = e~ A Q B e A , (4-24) 

e 4> = e QBA 1( ,v A 2 ^ ( 4 . 25 ) 

then tp r ( a ' /3 ) and can also be rewritten in pure gauge forms without path-ordered forms 

as 

= E7 («,/J)-ig B i 7 ( g3) ? 

U{a,/3) = j + p , r e A _ js _ p / 4 . 26 n 



21 



in bosonic string field theory, and as 



^ ' = * , Q B U^> = 0, ^VJJ 

in superstring field theory, where we have the following: 



(3) 



(a,/9) 



(2) 



J + P Q * (e^ 2 - /) 



1 



1 _ Vo A(<*+P) * Q B<1 



u, 



(«,/3) 
(3) 



1 



u, 



(-1) 



(«,/3) 
(1) 



1-Qb(0*^ (q+/3) ) 

/ + p a * 1 



* d* Pr 



* V, 



(a,/3)-l 



(3) 



(«,/3) 



(4) 
(«,/3) 



rr(a,0) 
U (2) 

Here, we note that 



"(4) 

r(a,/3) 
(4) 



I + P a *4>* 



1 - W> * QbA^+V 

1 



* (e QB/l1 -r)*p p , 



1 + r/ (g B ^ (a+/3) * 



*Pr 



4-27) 

4-28) 

4-29) 
4-30) 

4-31) 

4-32) 
4-33) 

4-34) 
v 4 '35) 

1 - W> * QbAC^) 

are useful to check the conditions for gauge parameters. In the expressions of (j4-26j) and 
(14-271) . we do not have to use P^ 1 , unlike in the case of (14-11) and (14- 3\i - (14-41) . In this sense, 
they are well-defined if the gauge parameter string fields, i.e. A in (14-241) and A\ and A 2 in 
(14-251) . are well-defined. 



'41 ) 



tt(°>P) * tjM 

U 23 * U (3) 



V (3) *VbV / (3) 



Pa * QB<i> * 



1 



* iftf*- 1 = P a * 



1 - rioA^+V * Q B 
1 



*P, 



Pi 



(4) 



* P, 



P > 



Around the solutions and $^ ,/3) in the forms of (&26\i and (l¥2T|) . the action S^] 



given in (I2-67P for a bosonic string field and S^s given in (I3-32P for a superstring field in 
the NS sector can be re-expanded a: 



ttt 



S [rp(<x,P) +&} = + 5[£/(«./») * # * [/(^)-l] 



The second terms induce the following field redefinitions: 

*V* £/(a.0-l = # + (P Q * /l * P p ) * # - # * (P a * yl * P p ) + 0(A 2 

* <P * V^ yi = <P + (P a * Vo A 2 *Pp)*<P-<P*(P a * m A 2 * Pp) 
+0(A 2 1 ,A 1 A 2 ,Al), 



tM See also Ref. 



(4-36) 
(4-37) 

(4-38) 
(4-39) 
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respectively. 




(440) 
(441) 



with light-cone directed satisfying the nonsingular condition rj^^Cu = for a (super) 
current in a flat background, we can choose the gauge parameters in (|4-24p and (14-251) as 



if we regard X M as a dimension primary field. In this case, it is seen that the induced field 
redefinitions ( 14-381) and (14-391) involve the zero mode of X M , which implies the effect of the 
background Wilson line, as investigated in Refs. [23]) ,[21]) and 124"]) . 

We should note that the string fields A in (14-421) and A\ and A 2 in (I443p are not well- 
defined when some directions are compactified, because they include X M instead of dX^. In 



this case, the gauge parameter string fields U^ a '^ in (I4-26P and U^' and V,? in (I4-27P 



In this paper, we have examined a class of solutions to the equations of motion: \p( a >P} 
appearing in ( 12-41) in bosonic string field theory and appearing in ( I3-4I) -( |3 : 71) in su- 

perstring field theory. The former is a variant of solutions given in Refs. [IJ),[2j),[3]), and the 
latter is a variant of solutions given in Refs. [6]) and [7]). Both solutions are generated from 
simpler ones, nemely, those in (I2-3P and (|3-3p . for example, which are constructed from the 
identity state, by using a commutative monoid {P a } a >o and the associated A™ and A^\ 
We have investigated gauge transformations among our solutions, their (formal) pure gauge 
forms and induced string field redefinitions. Using the family of wedge states as {P a } a >o, 
we have performed some explicit computations. 

In §4.11 we found finite gauge transformations that relate our solutions \p^ a '^ and &u\^ 
to the simple solutions ij) and 0, respectively, using path-ordered forms. In this sense, our 
solutions constructed from nonsingular (super) currents, including those given in Refs. [2]) 
and E]) for bosonic strings and Refs. El and [7]) for superstrings, are all formally gauge equiv- 
alent to simple solutions based on the identity state. 



A = UlU^X^0)\0), 

A 2 = UlU^iC^(0)\0) , A x = UlU 1 c£dZe- a *i( ll X' i (p)\0) 



(4-42) 
(4-43) 




§5. Concluding remarks 
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As mentioned in Footnote [fj W^ a '^ appearing in (12-41) represents a solution if is a 
solution to the equation of motion (U-ip in bosonic string field theory. This implies that 
-0 i — > ipi 01 '/ 3 ) i s a map from one solution to another. Let us denote this transformation 
by \p( a '^ (-0). We note that the composition of this transformation forms a commutative 
monoid, because the relations '' /3 ' ) (^)) = = (^)) an d 

i^(o,o)^^ _ ^ hQid jf we use f am ily of wedge states as {P a } a >o and the associated 
given in (12-71) . As an application of this transformation we can obtain new solutions 

from the Takahashi-Tanimoto marginal solution ^ T and scalar solution !^ S TT derived in 
Ref. |2TI) . at least naively. The generated solutions are not based on the identity state if we 
take a, (3 > 0, unlike the original ones. Therefore, we conjecture that we can evaluate the 
action at \p ( - a < l3 ')(\pJ T ) directly, in principle. At least formally, \p( a ' /3 \\l/'^ 1 T ) gives a solution 
for a general marginal deformation Q a J a with singular OPE, namely, CaCb9 ab 7^ with (12-141) . 
because ^ T is constructed using general currentsP^'^'^ This might be an alternative 
approach to constructing the solutions for marginal deformations with general currents given 
in Refs.ED and [17}. 

Similarly, comparing (14-261) with (13-51) . we have found a map from one general solution 
to another by modifying appropriately in superstring field theory. Specifically, if <p 

satisfies the equation of motion r] (e~^QBe^) = 0, then <p( a ^ given by 

= log(l + P a * / * P P ) , / = (e* - /) * j— I j— (5-1) 

also does: i.e., ^(e'^'^ Qb^^'^) = 0. Using this formula, we should be able to generate 
new solutions that are not based on the identity state for a, (3 > 0, using general super- 
currents ( a J a (z, 6) with ( a ( b {l ab 7^ (l3-27p - (l3-29p from identity-based solutions obtained in 
Ref. I24"p . It is an interesting problem to closely examine such generated solutions.^ 

It is an important problem to define the regularity of string fields more carefully and 
examine that of our generated solutions and the gauge parameters that relate them, because 
we have used some formal properties of the star product and formally evaluated infinite 
summations. In particular, such a problem seems to be very important to studying the 
cohomology around solutions. (See Refs. [26]) and [5]), for example.) 
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